A simple but practical model for the growth of a connective mixing layer is derived by integrating the entrainment rate equation proposed by Deardorff et al. (1969) . The development of the mixing layer height is determined by three parameters which are the potential temperature gradient in the stable layer capping the mixing layer, integrated surface heat flux and initial value of the mixing depth. Also a model for the time-height variation of the turbulence structure in the mixing layer is proposed based on the above growth theory and turbulence structure model of the mixing layer presented by Yokoyama et al. (1977a) . In this paper, the surface heat flux is assumed to be proportional to the insolation disregarding absorption by the atmosphere.
For deriving the model of the above subject, two models are required to be established: one the mixing layer structure model, the other the model for the growth of the mixing depth.
First, we will see the turbulence structure of the mixing layer. Gamo et al. (1976a) observed turbulence by airborne measurements and classified the atmospheric boundary layer below the inversion base into two groups: free and forced convective atmospheric boundary layer. It was found that vertical profiles of turbulence quantities, such as the energy dissipation rate *, rms of the vertical component of wind fluctuations model for the free convective atmospheric boundary layer. Assuming that buoyancy term and energy dissipation term are balanced at each level in all layers below the mixing depth, they derived the mixing layer structure model which gives profiles of heat flux Q, *, *w, rms of temperature fluctuations *, and Km. This model is obtained by extending the Monin-Obukhov (1954) theory established in the constant flux layer. According to this model, vertical profiles of turbulence quantities are described by two parameters: surface heat flux Q0 and the mixing depth hm. Furthermore, as hm is represented by the integration of Q0, turbulence features can be derived by only Q0 in implicit form.
Next, we will look at the model of the growth of the mixing layer briefly. Ball (1960) clarified the concept of the mixing layer structure. Lilly (1968) obtained the equation of the mixing layer development based on Ball's assumption. Deardorff et al. (1969) established the successful formula for the mixing layer growth rate. Tennekes (1973) , Stull (1973 Stull ( , 1976 , Carson (1973) , Zilitinkevich (1975) , Mahrt and Lenschow (1976) , Zeman and Tennekes (1977) and others developed the ideas of the mixing layer growth rate proposed by Deardorff et al. and Lilly, considering temperature jump, large scale subsidence, radiation, turbulent energy budget including shear-driven turbulence and turbulent energy diffusion, overshooting of plumes, the difference of initial conditions, etc.
It is expected that the diurnal variation of the mixing layer structure can be obtained by combining the equation for the mixing layer growth proposed by Deardorff et al. (loc.cit) and the mixing layer structure model proposed by Yokoyama et al. (loc.cit) . This is the main subject of the present paper.
For the sake of clarity and simplicity, we disregard the horizontal advection, large scale subsidence, the effects of latent heat and radiation, shear-generated turbulence, super adiabatic layer near the surface and temperature jump in the vicinity of the mixing layer height. From the observational point of view, it seems that accuracy of empirical data obtained by a moving platform such as an airplane is as yet not sufficient for comparison with more detailed estimation considering the complicated phenomena mentioned above. For the purpose of obtaining the simplified first order approximation, we assume that Q0 is a linear function of insolation at the top of the atmosphere I0.
Our model is applied to the 1972 Kawaguchi airborne measurements (Gamo et al. (loc.cit) ).
Development of the mixing depth hm during daylight hours
If free convection is prevalent and air is mixed rapidly below the inversion base, the potential temperature through the whole mixing layer *m is expected to become constant, i.e., the tempera-* d• This is in accord with observations except ture gradient becomes the adiabatic lapse rate for thin layers near the earth's surface and just below the inversion base. In further discussion, for clarity and simplicity, we will assume that is applicable for the whole mixing layer at any time. If *m is increasing with time, i.e., the surface heat flux Q0 is positive, this assumption means that the heat supplied from the surface is transported upward uniformly and the heating rate of the air is independent of the height below the mixing depth hm. So the heat flux Q decreases linearly with height z at any time as follows: According to data obtained by Lenschow (1970) , Kukharets and Tsvang (1976) , Yamamoto et al. (1977) and others, Eq. (2) is verified as the first approximation.
The variation of *m with time is described by the thermal equation for the mixing layer neglecting the horizontal advection and radiation, as follows (e.g., Lilly (1968) 
where Q(z) is the sensible heat flux at a height of z, p the mean air density in the mixing layer (~1.2*103g/m3), Cp the specific heat of air at constant pressure (~0.24cal/gK).
We can postulate that Q=0 at hm, because we assume that there is no temperature jump at hm. Temperature jump seems to be slight or unobservable above land on clear days when the growth rate of hm is great. Considering that d*m/dt is independent of the height, integration of Eq. (3) Differential equations (4), (5) and (7) are the simple but basic relationships between hm, Q and * m in the mixing layer.
Integrating Eq. (7) from t0, the time from when Q0 becomes positive, we can obtain the mixing depth hm at time t, as follows:
Eq. (8) is the same as Eq. (8) in the paper of Tennekes (1973) when there is no potential temperature jump at hm. Strictly speaking, we can select t0 (hm=h0 at t0) at any time after Q0 becomes positive. Eq. (8) shows that hm(t) is determined by two constant parameters; *s and h0 , and the integration of one variable parameter Q0(t), i.e., the heating history of the mixing layer.
Here we note the three parameters briefly. It is said that *s is 0.3-0.4*/100m (i.e., temperature gradient is 0.5-0.6*/100m) in clear, steady weather, as mentioned in the introduction. It seems that the value of *s differs slightly in different places and seasons according to many observations. But as yet we do not know the systematic grouping of *s.
As an example, we show the seasonal difference of *s. Observations were carried out by continuous flights of an instrumented airplane (Cessna 207) above the Kanto Plain during [1974] [1975] [1976] . Temperature was measured by the thermistor thermometer whose response time is about three second. The climbing rate of the airplane was about 3m/s. . 1975 , 2-3 Mar. 1976 , 3-4 Mar. 1976 , 4-5 Mar. 1976 , 5-6 Mar. 1976 , 6-8 Mar. 1976 summer, a-25 July 1974 , b-26 July 1974 , c-13 Aug. 1975 , d-14 Aug. 1975 , e-15 Aug. 1975 , f-17 Aug. 1976 , g-19 Aug. 1976 Fig . 3 shows the variation of hi with time during daylight hours. Although the sunrise in spring is 1 hour or so later than in summer, the growth rate of hi is nearly the same in both seasons. In spring hi continues increasing in early afternoon, but hi saturates around noon in summer. This means that the potential temperature gradient above the mixing layer *s has an important effect on the development of the mixing layer.
The surface heat flux Q0 is determined by the temperature difference between the surface temperature and the air temperature adjacent to the surface. Many factors, such as the surface characteristics, time, season, latitude, cloud amounts, etc. determine the temperature difference between the earth's surface and the air. However, as yet there is no systematic experimental data about the diurnal variations of Q0. Here we assume that Q0 is proportional to the insolation at the outer side of the atmosphere. Fig. 4 shows the relationships between the inversion base hi obtained by sodar and integrated insolation obtained by a Robitzsch bimetal pyrheliometer. We regard hi as the upper side of the strong echo in the chart paper. The value of hi(t) increases with the root of the integrated insolation (in detail, see Gamo et al. (1976b) ). The same results during morning hours were obtained by Moriguchi et al. (1977) . This seems to show that the term including Q0 in Eq. (8) is valid in real atmosphere.
Finally, we will see the characteristics of ho, from which hm(t) starts to develop. In Fig. 4 it is shown that h0 is different and the starting point of hi(t) is also different in each case. The value of h0 seems to have two physical meanings. One is the case when h0 is the surface nocturnal inversion height which has been formulated during the night. Shortly after sunrise, the surface inversion whose potential temperature is *i, is eroded by free convection. This case is of great relevancy to air pollution. Using t0 as the time from when Q0 becomes positive, and t' as the time of the breakdown of the nocturnal surface inversion, Eq. (8) where g is the acceleration of gravity, T0 the mean temperature (K) in the mixing layer.
Assuming that Q=0 at hm in Eq. (2), the vertical profile of heat flux is described by Q=Q0*. Yokoyama et al. (1977a) obtained *'s from airborne measurements of turbulence (Gamo et al. (1976a) (20)- (25), turbulence quantities below hm are represented by Q0, hm, g, T0, Cp, p and z. Since g, T0, Cp and p are assumed to be constant up to the height of 1,000m or so, the profiles of the above-mentioned quantities are determined by two external parameters; Q0 and hm, and *(instead of z). Strictly speaking, Eqs. (20)- (25) do not predict the real atmosphere in thin layers both near the surface and near the top of the mixing layer. In the vicinity of hm there appear many phenomena, such as temperature jump, gravity wave, overshooting of thermal plumes, abrupt change of wind speed and direction, etc. On the other hand, in the surface boundary layer the temperature gradient shows unstable (d*/dz<0), friction velocity is not negligible, thermal plumes appear inuniformly by the inhomogeneity of the surface characteristics.
Therefore, observed data of Q0 and hm may be a little different from those used in the theory.
The definitions of hm and Q0 by Yokoyama et al. (1977a) are as follows: hm is the height extrapolated linearly upward using two or more data in the middle of the mixing layer to the level where Q (or *) becomes zero. Q0 is the surface heat flux extrapolated linearly downward to the surface z=0 in the same way as hm. The region where Yokoyama et al.'s model is applicable, seems to be in the mixing layer excluding 10 or 20% of the highest and lowest part of the mixing layer.
From this point of view, this model is a first order model. However, Q0 is regarded as the realistic representative value above the lowest layer (0.1hm-0.2hm), because horizontal inhomogeneity above the surface layer seems to become slight. On the other hand, if in the vicinity of the inversion base there was none of the complicated phenomena mentioned above, hm should correspond to the real inversion base hi. Fig. 5 shows the comparison of hm defined by Yokoyama et al. with hi estimated by temperature profiles by Gamo et al. (1976a) . The mixing layer height hm defined by Yokoyama et al. (1977a) is a little larger than hi in this observation. Now, we will consider the relations between Q0 and hm. These two parameters are not independent, as seen in Eq. (7). Integrating Eq. (7) when the mixing layer depth develops from hm' to hm in the time interval t*, when Q0 is regarded as a constant, it follows:
These equations were already suggested by Yokoyama et al.
Eqs. (20)- (24) describe the turbulence quantities at any time in the mixing layer. On the other hand, Eqs. (27)- (31) show values along the time axis. If we assume that hm is equal to the inversion base height hi as the first order approximation, the mixing layer structure is able to be predicted by measuring temperature profiles only. Strictly speaking, t* is necessary to be infinitesimally small when Q0 is changing with time. But the solutions of equations (27)- (31) Yokoyama et al. (1977a) with the inversion base height hi summarized by Gamo et al. (1976a) .
These equations show that the values of C are able to be determined by hm and turbulence quantities only at one level in the mixing layer. It is convenient, because only one value of C is obtained from one flight in the paper of Yokoyama et al. (1977a) .
4, Comparison of the model with observed results
The model of the development of the mixing layer and the model of the diurnal variation of the turbulence structure in the layer described in previous sections are tested by observational data.
We assume that the surface heat flux Q0 is proportional to the solar radiation at the top of the atmosphere, for the first order approximation, as follows:
where we assume a is constant for simplicity. The reason for using that simplified assumption is that we did not observe Q0(t), and we do not know categorized values of Q0 for various meteorological conditions. Under this assumption hm(t) and *m(t) continue to increase till sunset, because Q0 is positive during daylight hours. In real atmosphere the time when Q0 becomes positive is after sunrise. Coefficient a becomes small in the late afternoon, because the difference between the surface temperature and adjacent air temperature, which determines the variation of Q0, becomes small, due to increase of air temperature. In addition, in the late afternoon, the energy flow out of the mixing layer and radiation effect can not be neglected, because the "strength of the mixing layer" becomes weak. Therefore, this assumption can not be applied to the early morning and late afternoon.
However, this assumption clarifies the seasonal and geographical differences in latitude. Also we will be able to obtain a simplified and understandable solution. This is the solution of the extreme case. So we expect the condition of the real atmosphere will be obtained by some simple variation of this solution.
If we use the assumption Eq. (32), the time variation of profiles of turbulence quantities can be obtained by equations (20)- (24) described by Q0(t) or by equations (27)-(31) described by the variation of hm(t). If the latter equations are used, a sufficient time interval t* for calculation seems to be one hour or so in the afternoon, but in the morning it is necessary to take a shorter time interval t*, because proper time interval t* is related to the growth rate of hm.
We calculate insolation I0(t) by the following equation where I0 insolation at the top of the atmosphere (ly/min), S0 the solar constant (1.98 ly/min), * latitude (Tokyo; 35*39'16"),* declination, 1 the ratio of the distance between the sun and earth with that average value, *=24*60(min), * hour angle (=2*(t-tc)/*), *0 hour angle at sunrise (= 2*(tc-tr)/*), tc the meridian time (min), t* sunrise time. Of course, I0 may be simply represented by the sinusoidal function as given by Carson (1973) . We apply the model to observations KAW-MAR-1972 summarised by Gamo et al. (1976a) . Values of *, 1, t*, tc, ts (sunset time) are as follows:
KAW-MAR-1972 (we use data on 9th March): t*(6:01), tc(11:52), ts(17:43), * (-4*43'50"), l (0.99283).
We select three different atmospheric conditions as following. Case (A) is when a slightly stable layer whose potential temperature gradient *s starts from the surface at sunrise. This case seems to appear frequently in summer, because the surface inversion layer does not develop easily due to warm surface temperature during night. The time change of the mixing depth hm(t) is estimated by putting h0=0 in Eq. (8).
Case (B) is when the strong surface inversion layer has been formed during night, and above the inversion there exists the same stable layer as in case (A). This case occurs frequently from late fall to early spring on clear and calm days. The value of hm(t) is calculated by Eq. (9).
Case (C) is when forced convection is predominant until sunrise caused by strong wind, and the potential temperature gradient shows the adiabatic lapse rate *d . Then forced convection stops and free convection becomes prevalent just after sunrise. In this case hm(t) is estimated by Eq. (8).
In analysis, the potential temperature gradient above the inversion layer *s, that of the surface inversion layer *i, and h0; the initial height of hm are taken as follows:
(A) *s=0.0033 (*/m) (B) *i=0.0423 (*/m) (we use data on 7th March 1972) the height of the surface inversion=200m * s=0.0033(*/m) (C) *s=0.0033(*/m), h0=500m. Forced convection was predominant in the morning hours in the observation KAW-MAR-1972. Strictly speaking, we can not compare observation with calculation, because calculation is made by assuming that free convection becomes predominant from the sunrise. But, fortunately, turbulence characteristics (e.g., *, *) after late morning are relatively insensitive to the initial conditions, as mentioned later. So we assume that observations selected by Yokoyama et al. (1977a) as a free convective layer can be corn-pared with calculations.
Temperature profiles obtained by thermometers on the NHK broadcasting tower (Gamo et al., 1976b) show that there existed relatively strong surface inversion on the 7th, 8th and 10th March 1972. Runs of these days seem to correspond to the case of (B). There was a weak surface inversion on the 6th and 11th March. The height of the forced convective atmospheric boundary layer h defined by the extrapolation method (Yokoyama et al., 1976b ) is 700-1,000m.
But temperature profiles obtained by using an airplane (Gamo et al., 1976a) show that the inversion base height hi is two or three times less than h. These runs seem to correspond to the case of (C). We also assume that observed hi and potential temperature can be compared with the calculated ones even in the morning hours, because hi increases even when forced convection is predominant, and potential temperature indicates *d and increases below hi (Gamo et al., 1976b) . We can not understand why hi and the potential temperature increase even in conditions of the forced convection. It seems that it might be because there is an input of heat flux from the surface in the daylight hours even if forced convection is predominant. It seems that free convection prevails above the forced convective layer, because the wind shear becomes smaller with increase of height (Gamo et al., 1975) . In this case heat flux seems to decrease linearly with height in all the layers below hi, because the temperature gradient shows * d in both the forced and the free convective layers. Therefore, the time variation of the height of the upper free convective layer which corresponds to hi and the potential temperature seems to be able to be described also by Eq. (26) and (4).
Time dependence of hm, profiles of *, Q, *w,
We select a coefficient a which leads nearly to the observed data of * using Eqs. (34) and (21) or (28) by the trial and error method. As a result, calculation is made when a=0.2, that is, 20% of the solar radiation is replaced in the surface heat flux. Gamo et al. (1976a) obtained empirical formula Fig. 6 Hourly variation of the mixing depth hm during daylight hours in cases of (A), (B) and (C). Numbers show runs when free convection is predominant which are selected by Yokoyama et al. (1977a) .
If a=0.2, the proportionality coefficient of Eq. (35) becomes similar to that of Eq. (34). Busch et al. (1976) specified in his calculation that the maximum heat flux associated with sinusoidal function of Q0 is about 18% of the solar constant. We use a=0.2 also in cases of (B) and (C) for simplicity and easy comparison. The time dependence of hm in the three cases are shown in Fig. 6 . Development of hm are different in the three cases in the morning, but in the evening the difference among them becomes small. It is interesting that although h0 is 500m in case of (C), the height difference of hm between case (A) (h0=0m) and (C) becomes only 100m after 10 o'clock. The same tendency is shown in case of (B). That is, Eq. (8) rapidly loses its dependence on the initial conditions. Tennekes (1973) already suggested that this reason is because the entrainment is controlled by the dynamics of the turbulence and not so much by the initial conditions. Numbers written in Fig. 6 are run numbers when free convective mixing layer is formulated, which were selected by Yokoyama et al. (1977a) . As mentioned before, it seems that runs 3, 4 (6th March 1972) and 22 (11th) belong to case (C), and runs 8 (7th), 14 (8th) and 16, 17, 18 (10th) belong to case (B).
Potential temperature in the mixing layer *m
The diurnal variation of *m in case of (A) is shown in Fig. 7 , where *0 at sunrise is taken as zero for simplicity.
The variation of *m(t) is shown when there exists the surface inversion in Fig. 8 . Here, *m(t)=*ihm(t) while the surface inversion layer is being eroded, and after breakdown of the surface inversion *m(t) is calculated by 200*i+*shm(t). Observed data of potential temperature on 7th March when a very strong surface inversion formulated during night are shown in Fig. 9 . Agreement between observed and calculated *m is favorable except in the late Fig. 10 Hourly variation of the calculated *m and hm in case of (C).
afternoon.
The time of breakdown of the nocturnally established inversion is about three hours after sunrise, which is similar to the O'Neill experiments summarized by Carson (1973) . Increase of the potential temperature from sunrise to sunset is 5.5* in case of (A) and 13* in case of (B). On the other hand, in case of (C) the potential temperature difference during the day is only 4* (Fig. 10 ).
Energy dissipation rate * and heat flux Q
The diurnal variation of * and Q are shown Profiles of * and Q are different in the three cases in the morning hours, such as in hm(t). But the shape and value becomes similar in the afternoon. That is, with increase of height, the peak values of * and Q appear at later time, and these values decreases rapidly with decreasing of Q0. In these figures are also shown observational data of * obtained by KAW-MAR-1972 experiment, all plotted data are those for the cases of the free convective conditions by Yokoyama et al. (1977a) . Due to scant morning data, it is difficult to say which case agrees with our classification A, B and C. Although the scatter of data is considerably large, trend of the diurnal variation and values of * seems to correspond to estimation.
*,
Q and hm diagram Figs. 14-16 represent diagrams of *, Q and hm in the three cases. Such forms are made by the sinusoidal variation of *0 or Q0, and continuously increasing function of hm(t). In case of (A), the inclination of profiles of * or Q in the morning hours is almost the same in each case, that is, hm(t) is proportional to Q0(t). As Q0(t) increases approximately linearly with time from sunrise to about noon, hm(t) is proportional to hours from sunrise, such as proposed by Tennekes (1973) . On the other hand, inclination of *(z, t) or Q(z, t) becomes gradually steep in the afternoon, by the decrease of Q0 and slow increase of hm(t). Fig. 15 indicates that the surface heat flux is used at first for eroding the nocturnal surface inversion. Immediately after breakdown of the inversion, hm abruptly develops due to large surface heat flux whose value is similar to that at noon. This sharp change of hm(t) by breakdown is often observed in the chart paper in solar observations.
The diurnal variation of inclination of * or Q varies markedly compared Fig. 14 The diagram of *, Q and hm in case of (A). Fig. 16 The diagram of *, Q and hm in case of (C). Fig. 17 Hourly variation of *w in case of (A): solid line, calculated; dashed line, observed. Symbols are the same as in Fig. 11 . Fig. 15 The diagram of *, Q and hm in case of (B).
with case (A). Contrary to case (B), hm(t) rises slowly in case of (C) due to the warming up to the thick layer from the early morning when Q0 is yet small. As a result, hm(t) can not develop so much higher than in case of (A) or (B).
Rms of vertical wind fluctuations *w
Semidiurnal variation of profiles of *w are shown in Figs. 17 and 18 in cases of (A) and (B). Case (C) is similar to case (A) except in early morning (see Gamo and Yokoyama (1977) ). Profiles of *w are different in the three cases in the morning hours, but the shape and value becomes similar in the afternoon.
The scaling Fig. 18 Hourly variation of *w in case of (B).
velocity for the mixing layer W* has the peak value in the middle afternoon, because W* is represented by sinusoidal function Q0 and con- tenuously increasing hm. Therefore, *w(= CwW**w(*)) also has the peak value in the middle afternoon. With increase of height, the peak value of *w appears at later time. Stull (1976) estimated the time variation of W* whose value is within 20% of the observed values (O'Neill experiment). The scaling velocity W* obtained by Stull also has the peak value in the middle afternoon and value of W* is similar to our results.
4.6 Rms of temperature fluctuations * and Eulerian scale of turbulence le As * and le are proportional to *-1/4, their profiles are shown in the same figure. Fig. 19 represent *(t) and le(t) in case of (A). Values Of * and le become infinite at the height of hm by the function *-1/4. This curious phenomenon is caused by the inhomogeneity of temperature at hm. Coincidence of calculation with observation is poor. It suggests that the functional form of *(*) must be improved.
Eddy diffusivity Km
Diurnal variations of Km which are independent of height in the three cases are indicated in Fig. 20 . The time when Km has peak value occurs later than in *w due to the effect of hm2*1/3 in Eq. (31) or hm4/3 in Eq. (24). Observed data which is the average value below hm are also plotted in Fig. 20 .
Data of eddy diffusivity Km obtained by Sato (1977) from constant-volume balloon flight replotted in Fig. 20 . Although values of Km are different, observed Km also has peak value in the middle afternoon, and it seems Km increases slowly before the peak time and after that time decreases rapidly till sunset.
Conclusions
The model of the variation of the turbulence quantities with time during daylight hours is derived by combining the equation of the mixing layer development with the model of turbulence structure of the mixing layer. Calculation is made by a simple analytical method. The model is applied to airborne measurements.
It seems that the mixing layer structure is reasonably accurately predicted by the present model. The main results are as follows:
1. Three different atmospheric conditions are investigated. First, the stable layer capping the mixing layer starts from the earth's surface at sunrise. Second, the nocturnal surface inversion layer develops up to 200m above the surface. Yokoyama et al. (1977a) . Eddy diffusivity Km obtained by Sato (1977) from constant-volume balloon flights: a-3-7 Mar. 1976 , b-12-16 Oct. 1974 , c-28-29 Nov. 1974 , d-14-15 Dec. 1974 Third, the initial mixing layer height is 500m at sunrise. Differences of hm(t) in the three cases are small, at most 200m.
But differences of *m are remarkably large. 2. Difference of turbulence quantities in the three cases is large in the morning hours, but becomes small in the afternoon, which means that turbulence characteristics are relatively insensitive to initial conditions. 3. The scaling velocity for the mixing layer W* has the peak value in the middle afternoon, because W* is described by sinusoidal function Q0 and increasing function hm. Therefore, profiles of *, and Km also has the peak value in the middle afternoon.
